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Background: Super-Brownian motion (SBM) with absorption

Suppose that ¥ is a branching mechanism of the form
P(A) = —aX+ BN + / (e™™ — 1+ Ax)MN(dx),
(0,00)

where o = —¢/(0) € (0,00), 8 > 0 and M is a o-finite measure on (0, o)
satisfying f(o soy(X A x*)N(dx) < oo.

Under P*, suppose that B™” = {B,” : t > 0} is a Brownian motion with drift
—p, starting from x > 0.
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Background: SBM with absorption

ME(0,00) (Mg(R)): the space of finite measures on (0, c0) (R).

e X7? ={X;":t>0}: asuperprocess with branching mechanism 1 and
spatial motion {B; * : t > 0}.

@ X7?={X;?:t>0}: asuperprocess with branching mechanism 1 and
spatial motion {B,,7, : t > 0}.
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Background: SBM with absorption

For all f € C;f(0,00), u € M£(0, 00),

]EI—L (ef<f1Xt7p>> — e*(‘/f('at)»lﬂ’ t> 07

where v¢(x, t) is the unique positive solution to the equation

) =B )0 > 1]~ B | [ ou(B e )dsimo > o]

For f € G5 (0,00), the above equation is equivalent to

2
%V{(X, t) = %%W(X, t) - pg%vf(xa t) - ’(,b(Vf(X, t)), (1)

vi(0+,t) =0, w(x,0)="f(x), t>0, x>0.
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Related results: SBM with absorption

Watanabe (1968): existence.

Li and Shiga (1995): immigration structure, the range of immigration
process.

o Li (1999): conditional law.

@ Kyprianou, Murillo-Salas and Pérez (2012): the right-most point in the
support, absorbed mass.
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Related results: SBM

Englénder (2004): large deviation.

@ Kyprianou, Liu, Murillo-Salas and Ren (2012): additive martingale and
derivative martingale.

@ Kyprianou and Murillo-Salas (2013): LP-convergence of additive
martingale.

Ren, Song and Zhang (2021): supermum of the support, extremal process.
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Problem formulation

Theorem (Kyprianou, Murillo-Salas and Pérez, 2012)

Define R, := inf{y > 0: X; ?(y, c0) = 0} and denote the extinction time of
X7 by
¢:=inf{t >0:]||X;"|| =0}

(1) For all p > v2aw and x > 0, P5,({ < 00) = 1.
(2) Assume that —oo < p < v2a. Then for all x > 0,

R;t =V2a—p, on{(=oc0} Ps —as.

lim —
t—oo
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Problem formulation

Theorem (Kyprianou, Murillo-Salas and Pérez, 2012)

Define R, := inf{y > 0: X; ?(y, c0) = 0} and denote the extinction time of
X7 by
¢:=inf{t >0:]||X;"|| =0}
(1) For all p > v2aw and x > 0, P5,({ < 00) = 1.
(2) Assume that —oo < p < v2a. Then for all x > 0,

lim %:\/2a—p, on {{ =00} Ps —as.

t—oo

Problem 1: When p > v/2a, what's the decay rate of Ps (¢ > t)? Consider
the behavior of || X; ”|| conditioned on ¢ > t.
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Problem formulation

Theorem (Kyprianou, Murillo-Salas and Pérez, 2012)

Define R, := inf{y > 0: X; ?(y, c0) = 0} and denote the extinction time of
X7 by
¢:=inf{t >0:]||X;"|| =0}
(1) For all p > v2aw and x > 0, P5,({ < 00) = 1.
(2) Assume that —oo < p < v2a. Then for all x > 0,

lim %:\/2a—p, on {{ =00} Ps —as.

t—oo

Problem 1: When p > v/2a, what's the decay rate of Ps (¢ > t)? Consider
the behavior of || X; ”|| conditioned on ¢ > t.

Problem 2: When p < v/2a, what's the decay rate of Ps, (R: > ~t) for
~v > v2a — p? Consider the limiting behavior of X; ?(yt,c0) conditioned on
Re > ~t.
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Problem formulation

Theorem (Kyprianou, Murillo-Salas and Pérez, 2012)

Define R, := inf{y > 0: X; ?(y, c0) = 0} and denote the extinction time of
X7 by
¢:=inf{t >0:]||X;"|| =0}
(1) For all p > v2aw and x > 0, P5,({ < 00) = 1.
(2) Assume that —oo < p < v2a. Then for all x > 0,

lim %:\/2a—p, on {{ =00} Ps —as.

t—oo

Problem 1: When p > v/2a, what's the decay rate of Ps, (¢ > t)? Consider
the behavior of || X; ”|| conditioned on ¢ > t.

Problem 2: When p < v/2a, what's the decay rate of Ps, (R: > ~t) for
~v > v2a — p? Consider the limiting behavior of X; ?(yt,c0) conditioned on
Re > ~t.

Remark: Analogue results for branching Brownian motion (BBM) with
absorption can be found in Harris et al. (2006, 2007).
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Problem formulation

Figure 1. |[X),”|| denote the absorbed mass at x.
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Problem formulation

Theorem (Kyprianou, Murillo-Salas and Pérez, 2012)
When p = —V2a,
Ps, (/X 1] > t) ~

DaxeV?ox

— 5 t — o0.
t(logt)? ’ o
Furthermore, when p < —v/2¢,
Psy (IIX5°1] > t) ~ Ct™9, t = oo,

where C = C(x, p,%), d =X,/\, and A, < X, are the two roots of the
quadratic equation A2 + 2pX + 2o = 0.
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Problem formulation

Theorem (Kyprianou, Murillo-Salas and Pérez, 2012)
When p = —V2a,
Ps, (/X 1] > t) ~

DaxeV?ox

— 5 t — o0.
t(logt)? ’ o
Furthermore, when p < —v/2¢,
Psy (IIX5°1] > t) ~ Ct™9, t = oo,

where C = C(x, p,%), d =X,/\, and A, < X, are the two roots of the
quadratic equation A2 + 2pX + 2o = 0.

Problem 3: For any p > —v/2a, what's the tail behavior of the absorbed
mass?
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Problem formulation

Theorem (Kyprianou, Murillo-Salas and Pérez, 2012)
When p = —V2a,
Ps, (/X 1] > t) ~

DaxeV?ox

— 5 t — o0.
t(logt)? ’ o
Furthermore, when p < —v/2¢,
Psy (IIX5°1] > t) ~ Ct™9, t = oo,

where C = C(x, p,%), d =X,/\, and A, < X, are the two roots of the
quadratic equation A2 + 2pX + 2o = 0.

Problem 3: For any p > —v/2a, what's the tail behavior of the absorbed
mass?

Remark: Maillard (2013), Lalley and Zheng (2015), Berestycki et al. (2017),
Corre (2018): the number of absorbed particles in BBM with absorption.
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Assumption

Assume that the branching mechanism ) satisfies

> 1
/ \ e (u)du

where X\* is the largest root of the equation ¥(\) = 0.

dr < oo, 2

Remark 1

Let R be the smallest closed set such that suppX; * C R, t > 0. It follows
from Sheu (1997) that

P, (R is compact) = e—A*HMI7

and (2) implies Grey's condition

/mﬁd)\<oo.
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Furthermore, we also assume the following integrability condition:

/ A p(M)dA < oo,
0+

where () == X7Mp(N) + a.

According to Kyprianou, Liu, Murillo-Salas and Ren (2012),

A o(N)dA < 0o & A(log MM(dN) < oo.

0+ [1,00)
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Survival probability

Theorem 1 (Survival probability)

For any p > v2a and x > 0, we have

V2rt3 e(%pz—a)t

xeprx

tl_|>n;o Ps, (¢ > t) = G, (3)

where C; is a positive constant independent of x.

| A\

Theorem 2 (Yaglom limit theorem)

For any p > v2a and x > 0, there exists a probability distribution Q defined
on (0, c0) such that

Jim Ps, (IX7)] €1 > 1) = Q(),

2
and Q has mean G2

A\
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Survival probability

Theorem 3 (Weak convergence)

For any x > 0 and r > 0, there exists a probability distribution Q, defined on
ME(0, 00) such that

Ps (X, P €-|¢>t+r) 5 Q. ().
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Survival probability

Theorem 3 (Weak convergence)

For any x > 0 and r > 0, there exists a probability distribution Q, defined on
ME£(0,00) such that

Ps (X P € |¢>t4+r) 5 Q. ().

(i) When r =0, for any f € C;(0, o),

lim Ps, (e_<f’xf_p>‘C > t) =1- Cl_l/ 2zf(z)gr(z)e” **dz,
0

t—o0

where G is defined by (3) and for any z > 0,

5(2) =85 oo {~ [~ etuz().ar}] e 01

here {Z(t)}+>0 is a Bessel-3 process starting from z.
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Survival probability

Theorem 3 (Weak convergence)

(i) For any r > 0 and f € C;(0,00), we have
lim Ps, (ef<f’xf_p>‘c >t+ r)
t—oo
= elzr’ )t / 2ze P [(F(2) + u(z, 1)) gr(z, r) — F(2)gr(2)] dz,
0
where

gi(z,r) = 5 {exp {— /Om ¢(Vf+u,(2(s),s))ds}] . z>o0

and u(x) := u(x,t) = —logPs, (¢ < t).
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Large deviation

Theorem 4 (Large deviation)

For any v > v/2a — p and x > 0, we have

V2T (blrkel—edte=(rto)x — ¢,

Jlim P (Re > vt) 17— s

where (; is a positive constant independent of x.
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Large deviation

Theorem 4 (Large deviation)

For any v > v2a — p and x > 0, we have

V2T Glrtel—edte=(rto)x _ ¢,

g, Pan (Re > )=

where G is a positive constant independent of x.

Theorem 5 (Yaglom limit theorem)

| A\

For any 7 > v/2a — p and x > 0, there exists a probability distribution I such
that

Jim P, (X7(72,00) € |Re > 72) = N().

Moreover, M has mean —+1—.
oreover, as mean ¢

A\
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Large deviation

Define ©,:X; (1) = X, °(- +vt) and Y, ¥ := O, X, *.

Theorem 6 (Weak convergence)

Assume v > v2a — p. For any x > 0 and s > 0, there exists a probability
distribution Ms on M£g(R) such that

Ps, (Y ? € |Rets > 7t) # n.(.).

Yaping Zhu (PKU) The asymptotic behaviors for SBM with absorption July 30-August 2, 2023




Large deviation

Define ©,:X; (1) = X, °(- +vt) and Y, ¥ := O, X, *.
Theorem 6 (Weak convergence)

Assume v > v2a — p. For any x > 0 and s > 0, there exists a probability
distribution Ms on M£g(R) such that

Ps, (Y ? € |Rets > 7t) # n.(.).
(i) When s = 0, for any f € G (0, ),

lim Ps, (e_<f’Y‘_p>

t—o0

R: > ’yt) =1-— C{l/ F(2)he(z)e PT2dz,
0

where
he(z) = E (e— Jee w(w(w2<r>+z—~/r,r))dr) Cz>0,

and {Wa(t)}+>0 is a standard Brownian motion.
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Large deviation

Theorem 6 (Weak convergence)

(i) For any s > 0 and f € C, (0, 00), we have
||m ]P(SX (e—<f,Y;p) ‘Rt+5 > ’yt)
t—00
= L(v+p)2s— as/ [(f(z) + u%(z, s)) he(z,s) — f(z)hf(z)] —(e4mzq,,
0

and for any z > 0,

hf(Z,S) -E |:e_ I «p(ku (Wa(r)+z—~r, r)) :| = (0 1]

where 1?(x) := u°(x, t) = — log Ps, (X ?(0,0) = 0).
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Absorbed mass

Define _,
us(x) := — log Es, (eszXDx ”), x>0,s R,

and the singular point

so :=inf{s < 0: us > —o0}.

Theorem 7 (Tail distribution of the absorbed mass)

When p > v/2a, we have —co < 55 < 0 and

dly (x)e o)

em%ty/Tt(s0)

Ps, (II1Xp,71 > t) ~ t — oco.
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Proof of Theorem 1

Theorem 1 (Survival probability)

For any p > v2a and x > 0, we have

V2 ( pP—a)t

I|m Ps, (C > t) = (G,

where C; is a positive constant independent of x.
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Proof of Theorem 1

Step 1. According to the Laplace transform of X7,

Ps (¢ >t) =1~ lim lim RCC)

—00 N— 00

where uf(x, t) is the solution to (1) with boundary condition uf(x,0) = 8f,(x)
and f, € G4 (0, 00) satisfying f, 1 1(0,00) as n 1 co.

It follows from monotone convergence theorem that

Ps (¢ >t)=1—e 9,
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Proof of Theorem 1

Step 2. Since {||X; ?|| : t > 0} is a continuous state branching process
(CSBP), naturally we can use the cumulant semigroup of CSBP to give an
upper bound for u(x, t).

Lemma

For any x > 0,
U(X7 t) S Vt: t>07

where ¥ ;=7 limg_, oo v+(0) and t — v¢(6) is the unique positive solution of

V() = 0 — /Otzp(vs(e))ds, £>0.

Moreover, for any t > 0, ¥ < oo if and only if Grey’'s condition holds.
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Proof of Theorem 1

Step 3. It follows from Feynman-Kac formula that

V2mtd (12-a)i-1)

u(x, t) vl
vt —pz
= e e u(z )
/(0,00) Vit—1x
e
x E[e” Lex(L8)| =1 X)>t—1] dz
— 2ze P7u(z, 1)Eg (e /T #UZI=D)dry g,

(0,00)

where L, ,(1,t) = flt o(u(BEH(r —1),r))dr

Proposition

For each z > 0, we have

lim E[e=tx 0|7 (z,x) > t — 1] = Ej(e~ /T #UZ=10ry ¢ (g 1),

t—oo

where {Z(s) : s > 0} is a Bessel-3 process starting from z under P.
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Proof of Theorem 4

Theorem 4 (Large deviation)

For any v > v/2a — p and x > 0, we have

- 2Tt (GOrplP—a)t —(r+e)x _
t|_l)ngoP5x(Rt > ’Yt)me 2 e =G,

where (; is a positive constant independent of x.

Step 1. Ps (R: > vt) = 1 —exp{—v""(x, t)}.
Step 2. For any x, t >0, v (x,t) < {x < o0,
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Proof of Theorem 4

Step 3. It follows from Feynman-Kac formula that

0P (P2 /2=a)(t=1) (x—2)2

—— vii(z,1)e” M e P?
Var(t—=1)  Jo,00)

X E[efJZ*X(O‘Fl); 7z, x) > t — 1]dz,

vii(x, t) =

where J; (0,t — 1) = fot_l e(vIH(BIM(r), r +1))dr.
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Proof of Theorem 4

Step 3. It follows from Feynman-Kac formula that

0P (P2 /2=a)(t=1) (x—2)2

_—— vii(z,1)e” M e P?
Var(t—=1)  Jo,00)

X E[efJZ*X(O‘Fl); 7z, x) > t — 1]dz,

vii(x, t) =

where J; (0,t — 1) = fot_l e(vIH(BIM(r), r +1))dr.

Since the effect of the absorption vanishes as the start position tends to
infinity, thus

_Xf(o’oo)), t — oo.

v (z 4+ 4t,1) = u°(z,1) := — log Ps, (e
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Proof of Theorem 4

Step 3. It follows from Feynman-Kac formula that
eﬂxf(pz/%a)(t*l) x—2)2

_(x—2)
VEx, t) = ——— vz, 1)e” =D e

V2m(t—1)  J©,00)
x Ele T S ) > b — 1]dz,
where J; (0,t — 1) = fot_l o(V (B (r), r+ 1))dr.
Since the effect of the absorption vanishes as the start position tends to
infinity, thus

v (z 4+ 4t,1) = u°(z,1) := — log Ps, (e_Xf(O’oo)), t — oo.

Proposition

For any v > v2a— p, x > 0 and z € R, we have
lim E[od”"”“(o’t*l); e Nz + At x) >t — 1]=01- e 27 )h(z),

t—oo

where h: R — (0, 1] is a strictly positive function.
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Proof of Theorem 7

Theorem 7 (Tail distribution of the absorbed mass)

When p > v/2«, we have that —oo < sp < 0 and

uly (x)e ™% ()

P Xl >t)~ 2" t— o0
) (H DXH ) e—sot /771't¢( )
Recall that
— —s||Xp "1l
us(x) == —logEs, (€ « ), x>0,s€R.

According to Kyprianou et al. (2012a), when p > v/2a, {||X;”]| : x > 0} is a
subcritical CSBP and us(x) satisfies the following equation

260 e () — 9(us()) =0, x>0,

with boundary conditions us(0) = s and us(c0) = 0.

July 30-August 2, 2023
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Proof of Theorem 7

Based on classical results on some complex differential equations, we analyze
the behavior of us near its singular point sp.

When p > v/2a, we have —co < sp < 0, ug, > —00, and ug (0) = 0.
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Proof of Theorem 7

Based on classical results on some complex differential equations, we analyze
the behavior of us near its singular point sp.

When p > v/2a, we have —co < sp < 0, ug, > —00, and ug (0) = 0.

When p > +/2a, for x > 0 fixed, there exists r. > 0 such that us(x) is analytic
on V = D(so, rx)\(—0o0, so] and

ug (x)

2,/¥(s0)(s — %)

Osus(x) ~ s— s, se V.
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